Introduction
Problems of stabilization and determining of stablility characteristics of steady-state regimes are among the central in a control theory. Especial difficulties can be met when dealing with the systems containing nonlinearities which are nonanalytic function of phase. Different models describing nonlinear effects in real control systems (e.g. servomechanisms, such as servo drives, autopilots, stabilizers etc.) are just concern this type, numerous works are devoted to the analysis of problem of stable oscillations presence in such systems. Time delays appear in control systems frequently and are important due to significant impact on them. They affect substantially on stability properties and configuration of steady state solutions. An accurate simultaneous account of nonlinear effects and time delays allows to receive adequate models of real control systems. This work contains some results concerning to a stability problem for periodic solutions of nonlinear controlled system containing time delay. It corresponds further development of an article: Kamachkin & Stepanov (2009) . Main results obtained below might generally be put in connection with classical results of V.I. Zubov's control theory school (see Zubov (1999) , Zubov & Zubov (1996) ) and based generally on work Zubov & Zubov (1996) . Note that all examples presented here are purely illustrative; some examples concerning to similar systems can be found in Petrov & Gordeev (1979) , Varigonda & Georgiou (2001) .
Models under consideration
Consider a systemẋ
here x = x(t) ∈ E n , t ≥ t 0 ≥ τ, A is real n × n matrix, c ∈ E n ,vectorx(t), t ∈ [t 0 − τ, t 0 ],is considered to be known. Quantity τ > 0 describes time delay of actuator or observer. Control statement u is defined in the following way:
nonlinearity f can, for example, describe a nonideal two-position relay with hysteresis:
here l 1 < l 2 , m 1 < m 2 ;and f (σ(t))
In addition to the nonlinearity (2) a three-position relay with hysteresis will be considered:
Suppose that hysteresis loops for the nonlinearities are walked around in counterclockwise direction.
Stability of periodic solutions
Denote x(t − t 0 , x 0 , u) solution of the system (1) for unchanging control law u and initial conditions (t 0 , x 0 ). Let the system (1), (3) has a periodic solution with four switching pointsŝ i such aŝ
Let s i , i = 1, 4 are points of this solution (preceding to the correspondingŝ i )suchas
(let us name themŤpre-switching pointsŤ, for example), and
(hereafter suppose that indices are cyclic, i.e. for i = 1, m one have i + 1 = 1i fi = m and 
Denote ds k 1 the successive deviations of pre-switching points of some diverged solution from s 1 .Insuchacase
The system under consideration causes continuous contracting mapping of some neighbourhood of the point s 1 lying on hyperplane s = l 0 ,toitself.Useoffixedpointprinciple (Nelepin (2002) ) completes the proof.
System (1), (3) has periodic solution with four switching points; the pre-switching points are:
and
As M ≈0.0078 < 1, then the periodic solution is orbitally asymptotically stable.
Similarly, the system (1), (3) may have a periodic solution with a pair of switching pointsŝ 1,2 and a pair of pre-switching points s 1,2 such aŝ
for some positive constants T 1,2 . This solution will be orbitally asymptotically stable if
(the proof is similar to the previous one).
Example 2. Let τ = 0.5,
Then the system (1), (3) has a periodic solution with pre-switching points
and the solution is orbitally asymptotically stable.
Some extensions (bilinear system, multiple control etc.)
Consider a bilinear systemẋ
In case of piecewise constant nonlinearity it is easy to obtain sufficient conditions for orbital asymptotical stability of periodic solutions of this system.
where (t 0 , x 0 ) are initial conditions and
Lef the control u is given by (3) and the system (4), (3) has a periodic solution with four control switching points (see the Theorem 1)ŝ i and "pre-switching" points s i such aŝ
then the periodic solution under consideration is orbitally asymptotically stable.
Proof As
and ds 
In such a case the system (4), (3) has periodic solution with pre-switching points
One can verify that k i = 0,and M ≈0.8223 < 1.
So, the solution under consideration is orbitally asymptotically stable.
Note that if matrices A 1,2 = A + Cm 1,2 are Hurwitz, and
1 cm 1 > l 2 , then the system (4), (2) has at least one periodic solution. By the analogy with the system (1), a system with multiple controls can be observed:
Suppose for simplicity that u i are simple hysteresis nonlinearities given by (2):
Denote x (t − t 0 , x 0 , u 1 , u 2 ) solution of the system (5) for unchanging control laws u 1,2 and initial conditions (t 0 , x 0 ). Let the system has periodic solution with four switching (ŝ i )a n d pre-switching (s i )pointssuchaŝ
Denote
It is easy to verify that the solution under consideration is orbitally asymptotically stable if
Example 4. Consider a trivial case:
So the system can be rewritten as a pair of independent equations
Between switchings σ looksasfollows: 
Similarly, 
Let us choose parameters α 1,2 in such a way that t 1 = t 2 . It is easy to verify that the latest equality holds true if Similar computations can be observed in case of nonlinearity (3).
Stability in case of multiple delays
In more general case the system under consideration can also contain several nonlinearities or several positive delays τ i (i = 1, k) in control loop:
Let, for example, k = 2, τ 1 = 0, τ 2 = τ,denoteγ = γ 1 , γ = γ 2 ,i.e.
x(t)=Ax(t)+cf (σ(t)+σ(t
Consider one simple particular case. Let f is given by the (2) and the system (7), (2) has a periodic solution with two switching pointsŝ 1, 2 such aŝ 
Theorem 3. Let
then the periodic solution under consideration is orbitally asymptotically stable.
Proof The proof is similar to the previous proofs. As d (Γ ′ s i ) = 0, then
, and use of fixed point principle completes the proof. Note that here we can obtain sufficient conditions for the orbital stability in the alternative way. Suppose
and the periodic solution will be orbitally asymptotically stable if k 1,2 = 0and
All the above statements we can reformulate in a similar way, defining the above vector Γ, considering the switching points instead of pre-switching and re-defining threshold values l i (or l 0 , l in case of (3)). Let us return to the system (6). In general case we can repeate the previous derivations. Let it has a periodic solution with two control switching pointsŝ 1,2 ,suchas
So the considered periodic solution will be orbitally asymptotically stable if k 1,2 = 0and
where
Of course the system considered can have periodic solutions with amount of control switching points larger then two. Consider an example: 
One can verify that
.
and the periodic solution under consideration is asymptotically orbitally stable.
Let us obtain similar results for the system (4). Suppose for simplicity thaṫ
Let f is given by the (2). Denote
Let the system (8), (2) has a periodic solution with two switching pointsŝ 1, 2 such aŝ
Then the considered periodic solution is orbitally asymptotically stable.
Proof
As
Similarly,
In order to finalize the proof one can use the fixed point principle for s 1 .
In case of the system (8), (3) the sufficient conditions for orbital stability will change slightly. Let the system has periodic solution with four control switching pointsŝ i , i = 1, 4, wherê
Let s i , i = 1, 4, are points on the trajectory of the solution such aŝ
In such a caseγ ′ e A i−1 τ s i +γ
Theorem 5. Let k i = 0,i= 1, 4,and
then the periodic solution is orbitally asymptotically stable.
Let us skip the proof, it is similar to the above one. 
where f is given by the (2). I.e. 
One can easy verify that
So, as ds k+1 1 = Mds k 1 , the periodic solution under consideration is orbitally asymptotically stable. Similar results can be obtained in case of nonlinearity (3).
Perturbed system
Consider a system:
where ϕ(t) is scalar T ϕ -periodic continuous function of time. Let f is given by (3). Consider a special case of the previous system (see Nelepin (2002) , Kamachkin & Shamberov (1995) ). Let n = 2,ÿ
here y(t) ∈ R is sought-for time variable, g 1, 2 are real constants, σ = α 1 y + α 2ẏ , α 1, 2 are real constants. Let us rewrite system (11) in vector form. Denote z ′ = yẏ ,inthatcasė
Suppose that characteristic determinant D(s)=det (P − sI) has real simple roots λ 1, 2 ,a n d vectors q, Pq are linearly independent. In that case system (12) may be reduced to the form (10), where
by means of nonsingular linear transformation Consequently, the problem of controllability, observability, robustness, optimization, adaptive control, pole placement and particularly stability and robustness stabilization for this class of systems, has been one of the main interests for many scientists and researchers during the last five decades.
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